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 Fast Fourier Transform has long been established as an essential tool in 
signal processing. To address the computational issues while helping 
the analysis work for multi-dimensional signals in image processing, sparse 
Fast Fourier Transform model is reviewed here when applied in different 
applications such as lithography optimization, cancer detection, evolutionary 
arts and wasterwater treatment. As the demand for higher dimensional 
signals in various applications especially multimedia appplications, the need 
for sparse Fast Fourier Transform grows higher. Keywords: 
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1. INTRODUCTION 
Fourier Transform is first introduced by Jean Baptiste Joseph Fourier [1] to solve the computational 
complexity in wide varities of fields including earth and science, chemistry, communications, and signal 
processing [2-5]. In signal processing, Fourier Transform [6-11] has long been established as an instrumental 
tool applied in electrical signal spectrum and filter analysis, sampling and series, antenna, television image 
convolution as well as radio broadcasting [1]. Being the limiting case of Fourier Series for non-periodic 
signals, FT is used to convert signal to frequency domain as the frequency domain has many superlative 
benefits especially for analytical purposes rather than in the classical time domain. In order to solve different 
various problems especially in digital image processing, the disceret version of FT, typically regarded as 
Discrete Fourier Transform (DFT) has been formulated.  
Due to the large number of discrete samples required for DFT operation which requires 𝑁2complex 
multiplications, Fast Fourier Transform (FFT) has been introduced to significantly reduce the computational 
complexity by just requiring 𝑁 log 𝑁multiplications for N samples. This computational complexity issue 
becomes worse when higher dimensional signals such as image signals, which are two dimensional, are 
represented and processed using FFT. To further reduce the computational complexity, a sparse FFT 
model has been proposed where the number k of coefficients used in the FFT operation is less than N [12]. 
This proposed sparse FFT model is also motivated by the fact that many real signals in practice are 
approximately sparse, having only a number of relatively large and nonzero signal elements as compared 
with the rest of the signal components. Therefore to save the computational time and reduce its complexity, 
the approximately zero signal components will not be measured in the sFFT operation. Hence, this paper is 
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written to address this issue by giving a concise review on the applications of sparse FFT in different 
applications in image processing. 
 
 
2. LITERATURE REVIEW 
FFT is a useful signal representation method that can be applied for fast processing especially when 
the signals are two dimensional like image signals. The image signals can be transformed using FFT in image 
processing since the signals are typically structured, rendering a sparse spectrum [13]. Although FFT is 
known to has reduced computational complexity than DFT, further simplication is possible by representing 
this signal by using only k coefficients, assuming that this signal of length N is a k-sparse (k<N) signal. 
Based on this finding, signal compression is possible and has been implemented in various compression 
algorithms such as MP3 [14]. As the number k of the coefficients is now less than N, it is straightforward to 
know that the FT operations can be further simplified with lower computational complexity. 
Various FT algorithms have been proposed in literature to reduce the computational complexity, 
as presented in [15]. One of the approaches which have been widely referred to in literature is the sparse 
FFT(sFFT) presented in [15]. However this method is formulated for one-dimensional case only. Therefore 
signals which are two dimensional such as image signals are unable to be represented using a one-
dimensional sFFT model. The many image processing applications such as lithography, medical imaging,  
evolutionary arts and particle detection in wastewater treatment are infeasible to be applied with 
a one-dimensional sFTT. 
A multi-dimensional sFFT has been proposed in [13] to cater the multi-dimensional cases. 
This multi-dimensional sFFT, including the 2D sFFT, has been widely studied and applied in a number of 
fields such as radar signal processing, lithography illumination and deep learning, which will be reviewed in 
this paper. From this point onwards, this paper is organized as follows. The general formulation of 
multi-dimensional sFFT is briefly described in Section 3. In Section 4.1 until 4.5, the applications of 
multi-dimensional sFFT in image processing will be studied and reviewed. A brief account on the challenges 
and future work related to sFFT applications in image processing will be given in Section 5 before the paper 
is concluded in Section 6. 
 
 
3. MULTI-DIMENSIONAL SPARSE FAST FOURIER TRANSFORM (sFFT) 
The fundamental idea in sFFT for reducing the computational complexity is to consider only 
𝑘 nonzero coefficients, out of 𝑁 coefficients of the signal. For 𝑀- dimensional signal 𝑥𝑖1,𝑖2,⋯,𝑖𝑀  where 𝑥 ∈
ℂ𝑁1×𝑁2×⋯×𝑁𝑀 and 𝜔𝑚 = 𝑒
2𝜋𝒊/𝑁𝑚 , the FT signal 𝑥𝑖1,𝑖2,⋯,𝑖𝑀 can be expressed as 
 
𝑥𝑖1,𝑖2,⋯,𝑖𝑀 = ∑ ∑ ⋯ ∑ 𝜔1
𝑖1𝑗1𝑁𝑀
𝑗𝑀
𝑁2
𝑗2
𝑁1
𝑗1
𝜔2
𝑖2𝑗2 ⋯ 𝜔𝑀
𝑖𝑀𝑗𝑀𝑥𝑗1,𝑗2,⋯,𝑗𝑀  
 
Without FFT, the computational complexity required in the above equation is very high, which is 
O(𝑁1𝑁2. . 𝑁𝑀), hence impractical and time-consuming. With FFT, the computational complexity is 
significantly reduced. However it is very common in practice to have sparse signals which have only 
a number of non-zero components. In other words some of the components of the signal, which are zero, 
can be excluded from the Fourier Transform calculation to further reduce the computational complexity and 
processing time.  
This computational load reduction is especially important for signals with significantly large 
numbers of components and high dimensionality. Therefore multidimensional sparse FFT technique has been 
proposed in different forms in literature to address varying research problems. The main idea of sparse FFT 
technique is to identify the sparse components, which are typically more significant in other small or closed-
to-zero components of the signal which are excluded in the sparse FFT operation to reduce the computational 
load. Sparse signals are very common in nature, as the signal components tend to have varying amplitude 
values some of which are relatively larger than the other signal components. In the next section, 
the applications of multidimensional sparse FFT will be discussed. 
 
 
4. APPLICATIONS OF MULTI-DIMENSIONAL sFFT 
As the number of components for multi-dimensional signals is huge, finding the peaks of the signal 
components requires relatively high computational complexity. The commonly applied method in literature 
for finding the peaks is termed as spectrum permutation, which has been demonstrated in [16] that in order to 
optimize the spectrum permutation, the permutation parameters must be carefully selected. Random selection  
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of the permutation parameters may not guarantee the optimized solution. To obtain the optimized 
permutation parameters, lattice theory is applied. Pseudorandom approach is also applicable to obtain 
the optimized parameters. 
 
4.1. Optimization of lithography source illumination 
Lithography is a kind of printing methods which has been introduced many years ago starting 
primarily with the use of lithographic stones to print texts or images on smooth surfaces. Nowadays, 
lithography is widely used for high-volume printing including books, newspapers and posters. In electronics, 
lithography is used for high-volume fabrications of integrated circuits [17, 18], which face the imaging 
distortion problem when the critical dimension of the target integrated circuits reduces. The effective method 
to improve the quality of the image in the lithography process is via lithography illmuniation optimization 
(ILO). As the required computational complexity for calculating the sparse mask layout during 
the lithography process is very high, the sFFT approach has been adopted to reduce the computational 
complexity and render a more robust approach. This approach [17] applies a compressive sensing method 
that focusses only on the pixels located in the optimized subspace, which contains pixels that cause 
interference. By using the sFFT, the ILO process which is based on the CS method uses a relatively small 
number of variables, rendering significantly reduced computational complexity and improved computational 
speed, in addition to the improved quality of the ILO image.  
 
4.2. Image evolution and perceived characteritics measurement  
In image processing, one of the actively explored fields is procedural generation [19, 20], which 
applies algorithms to generate evolutionary art and images such as textures and multi-dimensional images. 
As the procedurally generated images tend to be random in nature, heuristic approachs have been employed 
to measure some of the perceived features of the images such that better improvements are feasible to be 
implemented in generating the images [21]. Identifying the cognitive perceived features of digital images is 
challenging. An effective measurement of these perceived features is  the use of spatial frequencies, 
as proposed in [21]. The power spectral density, which can be determined via the sFFT operation, can be 
computed from the spatial frequencies for image retrieval or classification purposes. By using the spectrum 
obtained via the multi-dimensional sFFT operation, the target images can be generated and synthesized such 
that they share the same spectral properties. The strategies applied to generate these imageas can be also 
adjusted according to the target types of images such as greyscale and colour images.  
 
4.2. Radar signal processing  
A radar system, which is typically employed to detect moving objects, applies the concept of 
Doppler phenomenon. As the calculation of the position of the moving object is real time and needs to be 
updated instantaneously, the high computational complexity required to process the continuous wave radar 
signal can be reduced using sFFT. With just a number of significant frequency components, sFFT has 
a relatively low computational complexity and suitable to be implemented in short-range ubiquitous radar 
signal processing [16]. With a slight improvement in the sFFT approach proposed in [13], an improved sFFT 
model has been designed such that it is more robust to the effects of noise. Furthermore, Neyman-Pearson 
detection approach is also incorporated in [16] in order to reduce the required computational complexity in 
finding the exact sparsity when operating the sFFT approach. 
 
4.4. Fast nonlinear compressive sensing lithographic source 
Another important research field in lithography [22] which applies Fourier Transform is the source 
and mask optimization (SMO), which is essential in improving the reliability of the lithography imaging 
operation [23]. However one the main challenges of applying SMO is the high computational complexity due 
to the inverse reconstruction problem which is nonlinear. A compressive sensing (CS) theory has been 
implemnted in [24] to reduce the high computational load in SMO, which limits its applications to chip-level 
applications. The sFFT is suitable to represent the sparse signals in the mask and source patterns sampled 
from the SMO operation. The nonlinear nature of CS theory can be used to formulate the SMO using 
the sFFT as the source and mask patterns are typically sparse in nature. 
 
4.4. Identification of microplastic in waste water treatment plants  
Protecting the environment constitutes as one of the major principles in engineering. The wastewater 
produced by the many factories, without proper treatment, will pollute the water and land. Any polymer 
particles which are smaller than 5mm in length are classified as microplastic [25], which can be easily found 
in cosmetics products. Microplastic ruins our natural ecosystem besides polluting the environment especially 
the river and ocean as microplastic fails to dissolve in water. As reported in [26, 27], the amount of 
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microplastic in the river and ocean has increased and affected the ecosystem. In order to treat the polluted 
water, the intensity of the polluted water must be measured. However, calculating the intensity of the water is 
challenging due to the small size of microplastic, which is hard to be identified in the watter. In order to 
improve the measurement, a focal plane array method which is designed based on FT has been proposed to 
measure the intensity of the water [25]. It has been reported that this method is able to detect very small 
microplastic particles, down to 20mm in length. Therefore more accurate results have been obtained and 
faster measurement time is also possible with the implementation of FT method. 
 
4.5. Cancer detection 
Cancer is one of the most critical diseases that have taken many lives. Cancer starts from a mutation 
cell that possesses irreversible and transmittable genetic abnormalities with the presence of epigenetic 
variation in cells [28]. Cancer cells are able to quickly grow in number subject to the microenvironment of 
the cells. A commonly applied treatment is the chemotherapy which attempts to kill the cancer cells to stop 
them from growing and infecting other parts of the body. Since cancer is considered as a dangerous illness, 
early detection of this disease is highly encouraged. One of the early signs of cancer is the growth of tumor. 
The typical procedures to diagnose cancer are oftern expensive and require a number of phases to confirm 
the disease. Therefore reducing the time required for the diagnosis procedures is highly preferable and 
needed. The common diagnosis procedure is known as histopathology which requires a conciderably long 
time to verify the result after taking tissue samples of the patient. Fourier Transform Infrared spectroscopy 
(IR) [29, 30] method observes the vibrational spectral analysis of the structural components of the cells such 
as the intensity, band shape, frequency and band splitting. This method is non-destructive as it detects any 
changes in the molecules of the functional groups in the sample tissues or cells being visualised in mid 
infrared region. Furthermore only a small quantity of samples is needed to perform this test, with a fast 
analysis of biochemical variations at molecular level. An FT-based spectroscopy method is applied to 
perform deep analysis regarding the structural of the cells. This method is also capable of differentiating 
between unaffected and magliant tissues by comparing the changes of C-O and CH molecules in vibrationing 
modes. 
 
 
5. CHALLENGES AND FUTURE WORKS 
As the need for higher dimensional signal increases, the applications of sFFT are expected to 
become more relevant and important. The fast progress of telecommunication industry in providing larger 
bandwith with increasing data speed will further encourage the research activities in image processing. 
However as the demand increases for these high speed applications, the bandwidth allocation must be fairly 
managed. As the bandwith increases, a larger number of signal components will need to be represented. 
Such situations will definitely need the sparse FFT model so as to reduce the potentially large computational 
complexity when representing the signals having large bandwidth. This is one of the major challenges in 
the applications of sFFT in future. It is expected to be more challenging when higher dimensional signals 
such as the image signals are represented and processed. Dealing with higher dimensional signals, which are 
highly demanded by the users in this age for using especially multimedia applications, are real and hence 
must be addressed and solved. 
 
 
6. CONCLUSION 
In this report, the applications of the sparse Fourier Transform in image processing are reviewed. 
With the sparse signals found in different areas such as lithography, cancer detection, wastewater treatment 
and evolutionary arts, sparse Fast Fourier Transform has been demonstrated to be applicable to be integrated 
as the method to tackle issues in the aforementioned applications. In summary, it can be observed that sparse 
Fourier Transform is useful in reducing the required computational complexity especially when the signals to 
be represented are sparse, as seen in the cases of lithography optimization, cancer detection and image 
generation in evolutionary arts. Furthermore, in some applications like the wasterwater treatment of 
microplastic particles, it has been demonstrated that the sparse Fourier Transform application is capable of 
producing more accurate measurement of the polluted water intensity. 
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